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Appendix B

The Fluxes and the Equations
of Change

§B.1 Newton’s law of viscosity

§B.2  Fourier’s law of heat conduction

§B.3  Fick’s (first) law of binary diffusion

§B.4 The equation of continuity

§B.5 The equation of motion in terms of 7

§B.6  The equation of motion for a Newtonian fluid with constant p and
§B.7 The dissipation function ®, for Newtonian fluids

§B.8  The equation of energy in terms of q

§B.9 The equation of energy for pure Newtonian fluids with constant p and k
§B.10 The equation of continuity for species « in terms of j,

§B.11 The equation of continuity for species A in terms of w, for constant p% 5

§B.1 NEWTON'S LAW OF VISCOSITY
[t = —un(Vv + (VW) + Gu — (V- v)3]

Cartesian coordinates (x, y, z):

s av‘_
T =~ 2=+ Gu — RIT * V) (B.1-1)°
L _
e
Ty = ~M zﬁ_yy +Gp — (V- v) (B.1-2)°
[ avz_
Tz = M ZE i (%/-L = k)(V - v) (B.1-3)
L 4
w, o,
Yy X )
T)nJ = Ty,\' =TM (9_x a—y (B‘1-4)
—87) Ur)vlﬁ
'Tyz s Tz i —l‘l’ —é—y—z + a_zj (B'l_S)
SO o 0 !
Tox = Tz = :u‘LaZ = ax— (Bl 6)
in which
dv, vy v
(V-v)=a—¥+a—yy+—£z (B.1-7)

* When the fluid is assumed to have constant density, the term containing (V - v) may be omitted. For
monatomic gases at low density, the dilatational viscosity « is zero.
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844 Appendix B Fluxes and the Equations of Change

§B.1 NEWTON’S LAW OF VISCOSITY (continued)

Cylindrical coordinates (r, 8, z):

P 7
1= =222 + G — 0V V) (B.1-8)'
L 97
s
tw=—w22s—+5)|+Gu -V -V (B.1-9)"
Tae 1
] £ P WEST, S (B1-10y
lzg T ILLL f)Z_ M K v A1-10)
o o _‘ a () 197, 5
T = Tor = ML, ar ¥ A 2 (»/0 ( 1—11)
il 1l '1 Jv. [t av,
Tyz = Tz = —MLT W | 7:— (B.1-12)
o _dz{, - du; 5
Ty = T2 = /J-L(): } ar ( 1‘13)
in which
B AP s S
V-v== 5 (ro) + < 55 oz (B.1-14)

* When the fluid is assumed to have constant density, the term containing (V - v) may be omitted. For
monatomic gases at low density, the dilatational viscosity « is zero.

Spherical coordinates (r, 0, d):

av, 2

= w[z —,L] + Cu = (Vv (B.1-15)
ar
= 190 & O 2 e AV B.1-16)"
Top = M 2 ’—‘(7—0 T + (Sl"L KV - v) (B.1-16)
1 vy v, + 1, cot 6>‘ ! )
= = : + + Gu = (V- 1-17)
b /{2<V sin 0 o - Gu — (V- v) (B.1-17)
) Z‘.’ n 1 d’—'l"-

Ty = T = —,L[r# (,—’) = TJ (B.1-18)
ALVRL|LNUR LR s et Bt ]l Fede ;
Hag = Va0 /'L[ ra0 ( sin 9> T sin 6 ﬁ(b} (B 1)
= NG I i 5
Tor= Toi #L TR T m-( - ﬂ (B.1-20)

in which
A SO U AT A SR W (B.1-21)
p2ar " rsin §98 " rosin 0 dob

“ When the fluid is assumed to have constant density, the term containing (V - v) may be omitted. For
monatomic gases at low density, the dilatational viscosity « is zero.




§B.2  Fourier’s Law of Heat Conduction 845
§B.2 FOURIER’S LAW OF HEAT CONDUCTION"
[q = —kVT]
| Cartesian coordinates (x, y, z):
j 7.= k2L (B2-1)
| g, = —k % (B.2-2)
} g.= kL (B.2-3)
Cylindrical coordinates (r, 0, z):
7. = kL (B2-4)
7= —k+ 2L (B.2-5)
9. = -k% (B.2-6)
Spherical coordinates (r, 6, ¢):
q. =~k % (B.2-7)
gy = =k % % (B.2-8)
- U 629

* For mixtures, the term 3,,(H, / M.,)j. must be added to q (see Eq. 19.3-3).




846 AppendixB  Fluxes and the Equations of Change

§B.3 FICK’S (FIRST) LAW OF BINARY DIFFUSION*
lja = —pPasVwal

Cartesian coordinates (x,y, z):

dwy

jax=—PDap 5 (B.3-1)
jay = —PDas &‘,—‘;“ (B.3-2)
Jaz = —PDas % ‘(B.3-3)

Cylindrical coordinates (r, 0, z):
jar=—PDap %wf (B.3-4)
jar= —pDag > ‘9;"9/* (B3-5)
Jaz = —PDap %a;é (B.3-6)

Spherical coordinates (r, 6, ¢):

Jar = —PDap % (B.3-7)
jae = —PDap }, a{;‘;A (B.3-8)
as = —PBas 9'9;;;‘ (B.3-9)

* To get the molar fluxes with respect to the molar average velocity, replace j4, p, and w, by T4, ¢, and x,.

§B.4 THE EQUATION OF CONTINUITY"
[9p/dt + (V- pv) = 0]

Cartesian coordinates (x, y, z):

ap

]
e Ll (pl e (pz ) =0 (B.4-1)

Cylindrical coordinates (r, 0, z):

Spherical coordinates (v, 8, ¢):

1

1 8
(rzu) (pv,,sm@)-&—rsmea(b

(7t 7 sin 6 96

(pv,) = (B.4-3)

* When the fluid is assumed to have constant mass density p, the equation simplifies to (V- v) =

1
2)"
3"
4)
5)
6)
7



§B.5 The Equation of Motion in Terms of r 847

™ 3 NE 7
§B.5 THE EQUATION OF MOTION IN TERMS OF r b L /
[pDv/Dt = —Vp — [V -] + pg] P S

Cartesian coordinates (x, y, z):"

v, v, v, g, L ap T g P ELLINIE
p( 9 +vxa+vyﬁ+vz}—z— = &—x _ﬁ—JET'Yx+@T}/x+5—Z.TZX +pgx (B.5-1)

v, v, dv ap 1 v
Y y SR Lo | alE| O i
p( o T +vj 3 + v, 82) > _axr-‘ﬁ ayw T &ZTZV_ +pg, (B.5-2)

Jv, Jv, Jv, dv,\ _ 9p [ 5 9 LU
P(W“’WH@“’Z )" |ty ettt e B39

2 These equations have been written without making the assumption that 7 is symmetric. This means, for
q s g P y

example, that when the usual assumption is made that the stress tensor is symmetric, 7., and 7,, may be
interchanged.

Cylindrical coordinates (r, 8, z):"

v, Jv, | Uy Ju, dv, U\ _ 9p 190 19 J Top

"(Tn ot r gt i T T T | Fa i g | TR i
9 vy | Uy Ty vy VL) _  19p 19 d d Tor — Trp

”(W* S b e e e i o b e [ B
Jdu, av, vy dv, dv,\ _ dap 19 1 4 ,;

”(at POt TR T hw) T T T |TH U T gt g | T s B

® These equations have been written without making the assumption that 7 is symmetric. This means, for example, that when the usual
assumption is made that the stress tensor is symmetric, 7,4 — 75, = 0.

Spherical coordinates (r, 8, ¢):°

Jv, i v, L0 Jv, Uy U, vs + U5 Jliia 7
Por "% r TT 90 T 7 sin 6 d¢ X
_l d ;2 1 dlH)ia Too T Too
-15Z %) + —— +— -+ 5-
| 2 ar (r7,,) ¥ sin 6 90 (T"’ it ) r sin 6 dp Tor T } PEr (B.5-7)
v, vy | Vg 90y vy dv, U, — Uj cot 0 19p
ol =2 +0, =+~ B ==
at gr T 90  rsin 6 2 r r 30
1 J Y3 1 1 d (Tﬂr il TrB) — Tod cot 6
-z — : AN TREE 8 + 5-
| 3 or (1) r sin 0 90 (T”" sin 0) 7 sin 0 dp ¥ T PSs (B.5-8)
n dvy v, dUy i vy JUy ;s Vg0, T Vg0, cot 6 1 dp
ot " 9r T T 99 " rsin 0% r T rsin 6d¢
SO (Tgr — Trg) + Tgg cOt 0
- i — T+ + 5-
[ 3 9r (PT@) sin 0 60 (794, sin ) + 7 sin 0 96 Tod 7 PSs (B.5-9)

¢ These equations have been written without making the assumption that 7 is symmetric. This means, for example, that when the usual
assumption is made that the stress tensor is symmetric, 7,y — 7, = 0.

-
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848 Appendix B Fluxes and the Equations of Change

§B.6 EQUATION OF MOTION FOR A NEWTONIAN FLUID
WITH CONSTANT p AND n

[pDv/Dt = =Vp + uV3v + pgl

Cartesian coordinates (x,y, z):

90, v, 90, gu.\ _ 9p B v, v, 0% i -
Plg B Py T m) T T e a2l B.e-1)
dv dv v dv 9 v, v 321;1
y y y y P y y y
oDy Ly, =+ —=+— ’
Jv, dv, Jv, Jv, ap v, Jv, ;]
L e B e e R A X
”( PO Ty T 2 Flae T ap a2l i
Cylindrical coordinates (r, 0, 2):
avr (9U,. Uy avr (9’0, U(27 ﬁp d (14 1 azvr azvr' 2 ‘91}6
Miis kel A W Nl ¢ it A ) QRS 6 Lol S0 = b TS orie s, "
p( el b A TR P G\ rE Tt e T o T e T i)
dv, vy vy IV vy V0, 19p a1 1 0%, v, 200,
WP i S i R SEPE Bt o LR Es U el W Bpaillit g0 Jpeird :
"( gt U ar TT a0 ez T el P =t et e ) N S
Jv, v, v, v, dv,\ _ 9p 19 ( dv.\ 1%, %,
”(at TR ek G | S T M e g | s T | A EB.e6)
Spherical coordinates (r, 8, $):
av, ) v, T, du, Uy dv, v; + 0 _dp
P\t "% r T T 99  rsin 6ddb L S
1 (92 2 1 J ( . (9'(),) 1 i r:|
+ul=-—0wv) + —\sin—|+—5—> + (B.6-7)"
v ar r? sin 9 90 d0)  r?sin?6 9o i
v, v, Uy I, Uy v, UUs— Vs cOt B  1dp
P\t "% r T T 96 7sin 00 r T
18 s g 1 vy 29v  2cot§ 9%
22+ —— 2 IR AL R S o B B.6-8
H o (r ar> " ao(sm 56 0 SN 6)> T eint0dg? 1290 1aing o) Lo i
du, i dv, v, 9V v, Uy Ugl, + U, COt O 1 dp
P\or T99r T T 38 " 7sin 6 dd r T Ty sin 0o
2,
1%y 14 1 & . 1 97 2 v 2 cot § 9%
+ul==\rPr=—+SZl=55 )+ ———— + — |+ B.6-9
Ml:rz 3’( 37’) 296 \ sin 6 30 Ll r2sin20 9¢* r>sin § 9P  r?sin 9P pgs )

* The quantity in the brackets in Eq. B.6-7 is not what one would expect from Eq. (M) for [V - Vv] in Table A.7-3, because we have added
to Eq. (M) the expression for (2/r)(V - v), which is zero for fluids with constant p. This gives a much simpler equation.
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