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Appendix B

The Fluxes and the Equations
of Change

§B.1
§B.2
§B.3
§B.4
§B.5
§B.6
§B.7
§B.8
§B.9
§B.10
§B.11

Newton’s law of viscosity

Fourier’s law of heat conduction

Fick'’s (first) law of binary diffusion

The equation of continuity

The equation of motion in terms of 7

The equation of motion for a Newtonian fluid with constant pand u
The dissipation function @, for Newtonian fluids

The equation of energy in terms of q

The equation of energy for pure Newtonian fluids with constant p and k
The equation of continuity for species a in terms of j,

The equation of continuity for species A in terms of w, for constant p%

§B.1 NEWTON’S LAW OF VISCOSITY

[t = —p(Vv + (VW)Y + Gp — K)(V - v)8]

Cartesian coordinates (x, y, z):

in which

du,
T = —p| 252+ Gu = 0V + V) (B.1-1)°
c?f,‘_,_,_ 2 .
T_-._a_:..l = _“_2 EBT_ + (%I-L e K)(V > V) (81'2)
[ ov.] =
Ty = —l 26—2‘ + G — )V - v) (B.1-3)
[0, ov,]
Ty =T = —#_3 f E_ (B.1-4)
_&U: (?1,_“_
T!'ﬂ T-_’.a = _P'_W E_ (B]‘S}
[9v,  av,]
Tex = Tz = Ju'_g I E_ (B.1-6)
du, v, Ju,
(V V) = E o E E (51-7)

* When the fluid is assumed to have constant density, the term containing (V - v) may be omitted. For
monatomic gases at low density, the dilatational viscosity « is zero.
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844 AppendixB Fluxes and the Equations of Change

§B.1 NEWTON’S LAW OF VISCOSITY (continued)

Cylindrical coordinates (r, 8, z):

in which

w |
Ty = —,u[zr—tj + G — k)Y - V)

a ,f r
T

30, =
Fi= _#[2”‘ + G — KV + V)
0z

] a (). el
Tro Tor = “’L ar r (;6‘ )
_1 av,  duy
To: =T ="K 729 " oz
L _r}U,. ri‘t)‘:.
Tar = T = #_ dz ar_
av dv,
(V-v) = (,1,)4_1__.‘! s

af dz

(B.1-8)"

(B.1-9)"

(B.1-10)"

(B.1-11)

(B.1-12)

(B.1-13)

(B.1-14)

2 When the fluid is assumed to have constant density, the term containing (V - v) may be omitted. For
monatomic gases at low density, the dilatational viscosity « is zero.

Spherical coordinates (r,

0, d):

Tog =

/]
- _“[2(;] + Gp — KV + V)
J 1 dv v, )
_'“lz(? R;{ " ?)} + Gu — )V +v)
_ i 1 % . Uk w i - N
P‘Lz(r sin 0 d¢ = )J + Gup — &)V v)

Tod —

L 9 v‘n o1 av,
L 7

i yy| S8 2 % Y. 1%
o= "M g9\ sin ) " rsin 0 9¢

Tro

Too

T1;‘Jr

in which

-

=T

i 1 dv, Y Uy
1 sin 0 d¢ Tar\ 7

=__ Byl
v) (I " rsin 64 B(L” S -9

v K

] du,,
r sin 6 dp

(B.1-15)"

(B.1-16)°

(B.1-17)"

(B.1-18)

(B.1-19)

(B.1-20)

(B.1-21)

2 When the fluid is assumed to have constant density, the term containing (V * v) may be omitted. For
monatomic gases at low density, the dilatational viscosity « is zero.
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§B.5 The Equation of Motion in Terms of r 847

§B.5 THE EQUATION OF MOTION IN TERMS OF L
[pDv/Dt = =Vp — [V - 7] + pgl

Cartesian coordinates (x, y, z):"

v, au, du, dv, dp . J J J

e+ v, — + B, =— |2+ +Z7 | +pg. (BS5-
,0( dat Ux ax ¥ ay ® gz ) ax | dx Txx ay Tyx Jz Tax p8x  (BS5-1)

Ju, av, du, du, dp i g J 3

e PO T i DI, O NS T B Py
p( at " Y ox Y ay “dz dy | dx Ty ™ ay Tw ™ 5z T P8y (B52)

v,  dv,  dv. v, ap |4 P e

5 Tttty — 0 — | =~ | =1+ =T+ —1..| + pe. .0-
p(_ at Y dx Oy ay T Jz) dz  |dx fxz dy Ty dz Tz Pg: (B.5-3)

* These equations have been written without making the assumption that 7 is symmetric. This means, for
example, that when the usual assumption is made that the stress tensor is symmetric, 7, and 7,, may be
interchanged.

Cylindrical coordinates (r, 8, z).*

v, av, v, dv, dv, vp dap "] d 14 P Ton

— + =4y, -2 =L |2 Fe T+ =T — = | + 5-
p( ot Uar Trag "% Ty ar " [Tar T T ragTe T T T | e )

dvy | dUy | U dy, dvy, U, 1dp 18,2 14 d Tor — Tm_

—_——tp — 4 — — ) — F— | = —— | — = (p= - +—7,+—\+ 1 .5-
p( gt U ar Trag T Ty rae  [Rar "0 Ty gt 57 T r P8 Bl

v, dv, v, dv, dv, dp 14 14 d

e — L L S + 10— = —— — ———rr) +=— . + — 7. = A 5=
p( ot " Uar T T ag az) oz |rar T t 35Tt 5|t P8 B.5-6)

® These equations have been written without making the assumption that 7 is symmetric. This means, for example, that when the usual
assumption is made that the stress tensor is symmetric, 7,, — 75, = 0.

Spherical coordinates (r, 8, ¢):*

. 0 2
(()‘u‘,. o dv, Uy dv, Uy dv, Uyt E’,_.;) _dp

ko) 1 ket 98
P\t " % or 7798 T 7 sin 6 d¢ r ar
_T d .- 1 d . 1 a Top + 7::‘1';‘;.
— 52+ —— L SN )+ D, BT T B.5-7
| 12 dr r7,) r sin 6 96 (7or sin 6) r sin 0 9 e ] Pa; ( )
vy IV 0y I, Vs du, UV, — v cot B\  qdp
,O—+L’.,_+";' + — ————————— |l =% TF——
at "ar r a8 rsin 8 dd r r a6
1 95 d " 1 aJ (Tor — Trg) — Tse COE O
- e i o e e R + et L s S 1 S—— + e o
| 2 ar (r'ra) + rsin 0 ¢ (744 sin 6) r sin 6 d¢ T r P&o (B.5-8)
v, dvy v, dv, v, dv, v, + v, cot B ap
I T i 1..”__f+_u el 3 R o2 | = — ]__
P\ot "% ar "7 90 " v sin 6 96 r r sin 6 d¢
18,3 1 d . 1 Jd (Tyr — Trg) + 749 cOt 0
— | 2Ly 1 @ (0 N T R, A S R B.5-9
’_i"‘ ar ') ¥ sin 6 96 (7 sin 6) rsin 03¢ ’ | P8 ( )

“ These equations have been written without making the assumption that 7 is symmetric. This means, for example, that when the usual
assumption is made that the stress tensor is symmetric, 7, — 75, = 0.

V (o2) = -V, - P - 7z 345
.U V) =
¢ /
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§B.6 EQUATION OF MOTION FOR A NEWTONIAN FLUID
WITH CONSTANT p AND u

[pDv/Dt = —Vp + puV?v + pgl

Cartesian coordinates (x, y, z):

|: AL S L S ap |, . P, N o] -~
— y, — — = -+ —_— ] 2
P\ar "0 Ty T % oz Mo T ap T a2) P& 6-1)

| (6‘?)_,_, v, dv, &v_,) ap [ v, i v, v,
p

oy Ly, — == | ==+ L+ 6-
at " Uox TUay TV Al P e e R

o + i + i + v\ _ 9P, Ea + 7o, - #v,] i (B.6-3
AGthgtug o) m T e T Tt B

Cylindrical coordinates (r, 6, z):
v, ¢ 3o, 2 %jl L

v, 9, Vv, 5, v\ _ 9P rul (12 6oy) + [
Aot Y ar "rae " %az 1) Tar Mar\rar 00¢ 92 120

v, vy vedvy . vy vv\_ 190 a1 1 9%, | &, 2 v,
e (VR e T s, SE el SN2 =2 919 (1) | + = ' R Tl 6
p( Z Tt Ty 2 == e (rvg) 2R a2 20 1) (B.6-5)

du, dv, v, v, du, dp 19 ( o\ 1, v,
SV e —_—— __’“ = ——— oS4 ey [ F. 3 S4 —=| + 5 B.6'
‘”( gt U TTra T az) z M ra\"ar) T 2 T a2 | T P B.6:6)

ol

(B.6-4)

Spherical coordinates (r, 0, ¢):

v, v, v,Iv, Vs v, Upt+U; ap
p o + Ur = o -3 = + _""_ h—— . e e
at dr T g8 rsin 6 d¢p ' ar
1 4° 2 1 d ( g (h’,r) 1 rJ?-I’,:f:l
+ ul 5 — %) + — =\ sin 0 — | + ————=| + % (B.6-7)"
'u_rz ar? r? sin 9 90 a6 r? sin? 0 d? g
[P0 e e v g vm ot cot0) 10
at ar r g8 rsin 8 dg ! r g6
19 (-9, 10( 1 4 ; 1 v, 29y, 2 coth s
fop| BT (g2 KO 2, W I i R S e A B.6-8
Kz or (” ar) r2 30 ( sin 976 %0 5" 9)) P sin?0 o’ 1290 r2sin g ob| o Gl
av, v, v, v, 0V, UL, + U0, cot 8 d
e B e e SO ..
at ar r g8 rsin @ dp r r sin 0 d¢

13 ,5%) % @ ( 1 4 . ) 1 9 2 v, 2coth fh"n:l
2 rP—|+==|———=-7(v, sin 0) | + = — + — — | + (B.6-9)
‘u[- ( ar : sin 6 39( r2sin20 ap?  r2sin b 1? sin 9 IP gild

2 The quantity in the brackets in Eq. B.6-7 is not what one would expect from Eq. (M) for [V - Vv] in Table A.7-3, because we have added
to Eq. (M) the expression for (2/7)(V * v), which is zero for fluids with constant p. This gives a much simpler equation.
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§B.3 FICK’S (FIRST) LAW OF BINARY DIFFUSION*
[jﬂ. = —pD Vo ,l

Cartesian coordinates (x, y, z):

Jax = —PDap ey (B.3-1)
Jay = —PDap % (B.3-2)
Jas= _PQJAB% (B.3-3)
Cylindrical coordinates (r, 6, z):
jar= —PDap af;ﬁ (B.3-4)
jao=—PBas d;l;‘ (B.3-5)
e = —Dap (B.3-6)
Spherical coordinates (r, 8, ¢):
jar = —pDa 6::1 (B.3-7)
Jao = —PDap ,l ac;? (B.3-8)
Jjas = —PDap : s1ln 9 c:;;j (B.3-9)

2 To get the molar fluxes with respect to the molar average velocity, replace j,, p, and w, by ]}, ¢, and x,.

§B.4 THE EQUATION OF CONTINUITY"
lap/at + (V- pv) = 0]

Cartesian coordinates (x, y, z):

dap

d ¢ 4 + 9 — 1
= - (pv,) + 3y (pv,) s (pv.) =10 (B.4-1)

Cylindrical coordinates (r, 0, z):

419 ;i J oy = -
ﬁ 770 (prv,) + (pd{,) BS e (pv) =0 (B.4-2)
Spherical coordinates (r, 8, ¢):
ap 14 1 l
el R ) 2 ) = 4-3
5+ 2o (pr*v,) te—ay 9_(pv, sin ) + Bc)qb (pv,) = (B.4-3)

 When the fluid is assumed to have constant mass density p, the equation simplifies to (V- v) =0




